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P SUMMARY }
T A prediction method for turbulent boundary layers in moderate to strong adverse

pressure gradients is presented. The closure hypothesis for the method is the universal |
velocity defect law of Schofield and Perry (1972} which restricts the method to the pre-
diction of layers in moderate to strong adverse pressure gradient. The method is tested '
against nine experimentally measured boundary layers. Predictions for velocity profile |
shape, boundary layer thicknesses and velocity scale ratio were generally in good agree-
ment with the experimental measurements and were superior to those given by other
prediction methods. Unlike other methods the present method also gives reasonably accurate
predictions for the shear stress profile of a layer. The analysis presented heré’is compared
with previous work and helps to resolve some disagreements discerned in the literature.
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NOTATION

constants

integral layer thickness (= 2-86 8* U,/Uy)
skin friction coefficient (= 7o/}pU,?)
constants

function of 7 defined by equation (1)
boundary layer shape factor (- 8*/6)

f "fiy

J"Ifg (l'r)

j“f dn
Q

distance from wall to s

exponent of free stream velocity variation
Reynolds number based on development distance x
mean velocity in x direction

free stream velocity

generalized velocity scale

friction velocity (- (ro/p)! 2)

velocity scale for Schofield and Perry defect law
(Tm/p) 2

distance in major flow direction

effective original of equilibrium layer

(x — Xo)

distance normal to wall

position of junction between Schofield and Perry defect faw

and logarithmic law
boundary fayer total thickness
boundary layer displacement thickness

boundary layer momentum thickness

distance from wall at which /() accurately describes the mean

velocity

kinematic viscosity

»/ B

|




(%) shear stress

10 wall shear stress 4

™™ maximum shear stress through the layer. :
Subscripts B

a actual value l

predicted value
value for type 1 solution

value for type 2 solution

~ N o~ N

initial value.




1. INTRODUCTION

The aim of boundary layer research is to provide sufficient understanding of boundary
layer behaviour to enable the development of any boundary layer on any surface in any pressure
gradient to be accurately predicted. It will be many years before this aim is realized. For quite
some time it has been possible to accurately predict simple flows such as flow over a flat plate
or within a circular pipe. Recent work has been directed towards predicting boundary layer
development in pressure gradients, particularly adverse pressure gradients. The emphasis on
adverse pressure gradient layers arises from their practical importance a$ these are the layers
that separate and thus limit the performance of aerodynamic devices. The Stanford conference
on computation of turbulent boundary layers (Kline et al. (1968). Coles and Hirst (1968))
required authors to predict all mean flow features of a series of boundary layers from a know-
ledge of the external pressure gradient applied to the layer and details of the boundary layer
at the start of the pressure gradient, i.e. the boundary and initial conditions of the layer. The
evaluation committee of the conference considered that comparisors between predicted and
actual mean velocity profiles, although important, were not as searching as comparisons involving
skin friction coefficients (cf'), form factors (H), and momentum thickness Reynolds numbers.
Both mean profile comparisons and parameter comparisons are used here to test the prediction
method presented.

To develop this prediction method the simplest case of adverse pressure gradient boundary
layers, equilibrium layers, is analysed here. Townsend (1976) defines an equilibrium layer as
one in which “the conditions at the initiation of the flow are largely irrelevant and so the flow
depends on one or two simple parameters and is geometrically similar at all stations™. The
“simple parameters”™ are usually a velocity and length scale for the layer and the geometrical
similarity of the layer means that the equation of motion for the layer does not involve the
development distance, x. These requirements simplify the computational work although the
remaining task is still quite complex.

The prediction method presented here does not need to be restricted to equilibrium flow.
By using the concept of *‘moving equilibrium™ the method can be used to predict the develop-
ment of non-equilibrium layers in which the boundary conditions of the flow vary only slowly
with x. The concept of moving equifibrium assumes that these layers make small continuous
adjustments to changes in boundary conditions such that they can always be considered to be
(locally) in a state of equilibrium. It is a concept used by many existing prediction methods,
see Yaglom (1979). The assumption of moving equilibrium does mean that the prediction
method cannot be applied to flows in which the boundary conditions change impulsively or
even very rapidly.

2. PREVIOUS WORK

The boundary layer prediction method presented here is based on the author’s (Schofield
(1980)) theoretical analysis of equilibrium boundary layers. This analysis uses the Schofield and
Perry (1972) defect law, viz

Uy —

“ 1 —0-4(/B)'2 — 0-6sin (’2')'/8> = f ().

U, is a “slip” velocity determined by extrapolating equation (1) to the wall. It is related to the
maximum shear stress magnitude (r,,) and position (L) and the integral thickness of the layer
(B) by the relation;
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see Perry and Schofield (1973). Equation 1 gives an accurate description of, at least, the outer
959 of the mean profile of boundary layers in moderate to strong adverse pressure gradients.

The Schofield analysis of equilibrium layers differs from previous analyses in that the mean
profile description, equation (i), is invariant with pressure gradient and hence gives mathematical
closure without further hypothesis. As equation (1) is only valid in layzrs in which r5/79> 3/2,
i.e. layers in moderate to strong adverse pressure gradients (see Schofield and Perry (1972)),
the mathematical closure that the equation gives is similarly restricted. Other calculation methods
require a hypothesis, in addition to the mean velocity description. in order to get mathematical
closure. These hypotheses are usually approximate to some degree and often have to be modified
for differen. classes of boundary layer. Predictions resulting from such hypotheses must be
approximate.

The Schofield (1980) analysis of equilibrium flow gave three conditions for the existence
of an equilibrium layer, viz;

Uy =~ a(x — xo)™ 3)
Us = b(x — xo)m )
B=c(x — x0) (3)

where a. b, ¢, xo and m are constants!. For such equilibrium layers Schofield was able to define
limits within which they must exist. These limits are shown in Figure 1 which is reproduced
from Schofield (1980). The horizontal axis (/) is the exponent of the free stream velocity variation
which is the major boundary condition of the flow. Another boundary condition is surface
roughness. The vertical axis is the velocity ratio U;/U,, which is constant in an equilibrium
layer and is the major initial condition of the flow. Another initial condition is the initial layer
thickness. A degree of validation for the theory was provided by the fact that all experimentally
observed equilibrium layers were shown to fall within the theoretical limits as shown in Figure 1.

A review of the literature on equilibrium fayers (Schofield (1980)) showed that there was
significant disagreement between authors on:

(i) the limits for m within which equilibrium layers exist.

(1i) how many different equilibrium layers can exist for a given set of initial and boundary
conditions.

(iii) the relationship (if any) between m and the velocity ratio Uy/Us.

As a result of the theoretical analysis some progress was made in answering these questions
and the development of the present prediction method makes some further progress.

3. CALCULATION PROCEDURE
3.1 Assumed Mean Profile

It is assumed that ail mean velocity profiles of two-dimensional turbulent boundary layers
developing in moderate to strong adverse pressure gradients can be described by the following
system of equations;

(i) for the viscous sublayer which extends from » - 0 to vy -: 10s/n, |

u(3) Yt (6).

v
(ii) for the logarithmic law of the wall, which extends from »  10+/u, to its tangential
junction with the velocity defect law at y - y. (Shown by Perry and Schofield (1973) to be

2
given by ve 371" B )
Uz

! For application to the prediction of lavers in moving equilibrium, these constants are
replaced by slowly varying functions of x.




u(y) = 244 u, loge (}'“1/") +5:0u, (8),

viii) for the outer flow extending from y = y. to y = B, the Schofield and Perry defect
law, equation (1), rewritten as;

u(y) = Uy — Us + 0-4 Us(y/B)!-2+ 0-6 U, sin (’i’ y/B) ©)

where B = 2-86 6* U,/U, (10),
see Schofield and Perry (1972).

3.2 System of Equations

To specify or predict any mean profile (u(y)) described by the three equations above (equ-
ations (6), (8) and (9)) values for u,, Us; and B are required. These values are found by the solution
of three simultaneous equations. The first equation has already been introduced and is the
relation between the equilibrium layer’s thickness and deveiopment distance,

B =c(x —x0) (5).

The second equation is derived from the integrated equation of motion for an equilibrium
layer which was given by Schofield (1980} as,
7(n) . 2cb?

=¢ —0:04mec =~
1pUs? a?

{2(3 m+ 1 h(g) —Q2m -+ 1) ()

— %+ 1) af = 1) + 5 D) [flx(n) () ly]} an

where p, f(p), In are constants and LIi(n), Ix(n). f Ii(n) are derived and tabulated in Schofield.
The equation used here is the particular case of (11) for n = 1 which can be written

2
u,2 = ch[O-OZm + gf @Bm+ DL - ziz Q2m+ DI
1 1

+ Us(m+l) S ( )#Usz(m F ) f(p) ] 12)
Ul (ST Ulé #) i

because f(1) = 0 and = (1) = 0.

The third equation is derived from the observation of Perry and Schofield (1973) that in
adverse pressure gradient boundary layers the inner (logarithmic) law tangentially joins the
outer (defect) law with little to no blending or crossover region. If this is so, then the expressions
for the velocity at y = y. given by the two laws will be equivalent and equating them will yield
an accurate relation between variables. Near y = y., Perry and Schofield (1973) show that
the outer defect law, equation (9) is most accurately described by

Ua 3/2 y 1/2
) =0-47 Uy { = e U — U,
u(y) I(Ul) (5*) + U []

Substitution of y = y. = 37:1 u+%/U,2 B into this and into equation (8) (the logarithmic iaw)

leads to
2
Us=U1 —898u, —2-44u, [Iog(“’) + log ( u,) + log (qu)] (13)
Us Uh v

Equation (13) is the third equation required for the calculation method.
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3.3 Profile Prediction Procedure

The calculation procedure is commenced by matching the initial and boundary conditions
to the assumption of equilibrium flow. This is to determine values for the characteristic constants
for the flow (m. ¢, xg) which are invariant for an equilibrium layer.

To begin, an estimate of m is obtained from the free stream velocity data using equation (3)
rewritten in the form

log Uy = mlog(x -- x¢) ¢ loga (14).

The free stream velocity data, Ui(x), is fitted to equation (14) using linear regression thus deter-
mining a value for m. For this initial iteration xg, the effective origin of the equilibrium layer,
is taken as zero. Substituting this estimate for m into equation (12). gives a relationship between
u,. Us and ¢ for the equilibrium layer. From the initial mean velocity profile we can determine
both u, (using the method of Clauser (1954)) and U, (using the method of Perry and Schofield
(1973)). Thus we may solve the equation for ¢, the (constant) growth rate of the boundary layer.
As the value of m that has been used is only an estimate this value of ¢ is also an estimate.
Iteration starts by obtaining an estimate for xq using equation (5) in which the initial layer
thickness and this initial estimate for ¢ are substituted, viz:

By = ¢ (x1 — x0)

where subscript / refers to initial conditions and ¢ is the first estimate for c. The resulting
estimate of xy is used in equation (14) to give a new, more accurate, estimate of m and the whole
process is repeated until the values of m. ¢ and xy are stable.

Having established these constants for the layer. values of the parameters u,. U; and B
for profiles downstream of the initial profile are calculated in the following manner. The value
of B, the layer thickness. can be directly determined from equation (5) as ¢ and xp are known.
The velocities u, and U, are then determined by simultaneously solving equations (12) and (13).
The solution area of these two equations is illustrated in Figure 2 and is further discussed in
Section 5. With values for B. u,. Uy at every station the mean velocity profiles can be predicted
using equations (6). (8) and (9). From these profiles other integral layer thicknesses (6. 6*) can
be calculated. Finally predictions of shear stress profile can be made using equation (11) with
the appropriate predicted values for ¢/ (- 2i, Upyand a b (1 Uy L)

3.4 Comparison of Predictions with Data

The above prediction method was tested on the nine equilibrium layers detailed in Schofield
(1980). The results are shown in Figures 3 to 6.

In Figure 3 the predicted and measured values of the parameters m. ¢ and xg are compared.
On each graph the straight line represents perfect agreement between measurement and pre-
diction. In general the agreement is good. however three of the results for x¢ appear to fall
well off the line. As these data are dimensional it is dithicult 10 evaluate how significant the error
is. However it can be said that these discrepancies have little effect on the predictions as the
same three layers are among the better predicted layers presented here.

Predicted mean velocity profiles are compared with measurement in Figure 4. In these
graphs distance from the wall has not been non-dimensionalized in order that the predicted
and actual total layer thicknesses can be compared as well as the shape of the mean velocity
profiles. Of the nine layers considered. four of tihe predictions (for layers 1. 1V, VI, ViIl) could
be described as excellent for both profile shape and laver total thickness. Of the remaining five
layers, predictions in four cases (for layers 11, 111, V11, IX) could be described as fair to good
while in the remaining case (layer V) the prediction of layer total thickness was good but the
prediction of profile shape was poor.

In general the above picture is reflected in the predictions of the velocity ratios (Uy/Us.
u, /U1y and integral thicknesses (4. F{ &% ¢y shown in Figure 5. The agreements shown are
at least as good as the best predictions given by the methods presented at the Stanford confer-
ence (see Kline er al. (1968) p. 533 10 p. 569). in particular the predictions for layers VII and 1X,
the separating layers of Stratford (1959). appear to be substantially better predicted by the
present method than by any of the methods presented at the Stanford conference.

4




There are discernible differences between the comparisons in Figure 4 and those in Figure 5.
For instance the prediction of the velocity ratios for layer 1 could only be described as good
whereas the mean profile predictions are excellent. On the other hand predictions of velocity
ratios and integral thicknesses for layer V seem superior to the corresponding predictions of
mean profile shape. Thus although the evaluation committee at the Stanford conference con-
sidered comparisons such as those shown in Figure 5 to be the most searching test of a prediction
method, the results presented here show that the two comparisons appear to test different aspects
of a prediction method.

Figure 6 compares measured shear stress data across the boundary layer with predicted
shear stress profiles calculated using predicted values for the parameters m. ¢, Uy/Us (= afb)
and ¢ (— 2u,2'U1®). On the same figures, predicted shear stress profiles calculated using actual
values of the parameters m, ¢, Ui/ U, ¢ are also shown. As is to be expected these latter profiles
show better agreement with the measured shear stress data than the profiles calculated using
predicted values for the parameters. Differences are, however not large and thus this prediction
method provides a useful estimate of 5. =ar stress throughout the layer. This is not provided
by any other prediction methou known to the author. Reynolds shear stress is directly related
to the (turbulent) transport of momentum across a sheared layer (Hinze (1959) p. 278) and
this transport rate is closely connected to mass and heat transport across the layer (see Hinze
(1959). Schofield and Keeble (1975)). Consequently the prediction method presented here would
be useful in estimating local or overall rates for these transport mechanisms in heat and mass
transfer problems.

4. ASPECTS OF THE SOLUTIONS

The prediction method presented here requires the simultaneous solution of equations (12)
and (13) to find values for u,. U; for each profile. For any particular profile in a given boundary
layer equation (12) has the form

10,2 = ey Ut =+ 2 Us + e3) (15)

where e1. . .. ¢, are constants for a particular profile. Equation (13).
3
Us - Uy = 36-05u, — 2-44u, log\.(BZ’“) (13)

is to a first approximation
Ue > ey + 051, (16)

i.e.. a linear relationship. The simultaneous solution of these two equations. illustrated in
Figure 2. give two solutions:

a type | solution —moderate velocity defect with a large wall stress (moderate Us and high ),

a type 2 solution—very large velocity defect with a much lower wall shear stress (high U, and
low u,).

The intersections between the two solution curves can be divided into three different cases.
The first case (curve a on Fig. 2) gives two solutions with positive wall shear. i.e. positive values
of u,. The second case (curve ¢ on Fig. 2) gives one solution with positive wall shear and one
solution with negative wall shear. As negative wall shear implies reversed flow near the wall
it is a solution that is outside one of the assumptions of the analysis. This solution cannot there-
fore be regarded as a legitimate equilibrium layer predicted by the anatysis. For this case therefore
the analysis predicts only one equilibrium layer. The third case (curve 4 on Fig. 2) gives two
solutions with negative wall shear and thus in this case the analysis predicts no (attached) equi-
librium layers.

For the first case. a layer with a set of boundary and initial conditions that gives two solutions
wiith positive values of 1, the correct solution is simply chosen as the one in which the predicted
values of U/U. and u,/U; agree with the given initial conditions of the layver. For the
layers analysed in this report, fayers I1. 1V, VI, VI have type | solutions while layers 1, 111,




V, VI, IX have type 2 solutions. Townsend's (1960, 1976} analysis also predicts two possible
equilibrium layers for a single set of conditions. His analysis of layer 11 (of this report) shows
it to be a type | solution (moderate Uy, high «,) which is in agreement with the present analysis.
However Townsend's theory puts layer I of this report in ““an area of ambiguous development
and its observed development 1s not described by this theory™, Townsend (1960). Layer 11l 1s
well described by the present theory and is a type 2 solution. Townsend (1976, p. 276) also gives
n 0-25 as the lower limit above which there 1s only one solution with positive u,, i.e. curve
(b) on Figure 2 relates to a layer where m (0-25. The present analysis however gives values
of m for layers 11, VII and IX which are substantially greater than --0-25 and yet have two
solutions that have positive values of u,. Another estimate for the value of m above which only
one attached solution can exist can be obtained from the present analysis. The limiting condition
is defined by «, 0 which when substituted into equation (13) gives

¥

&

3
U Uy 36-05(0) ::44(0)10&.(33”)..

As the last term in this expression 1s indeterminate at 1, 0 it is evaluated by I'Hopital's rule.
The indeterminate portion of the term is u, loge % which can be rewritten loge 1,3, 1.u,. Differ-
entiation gives

(d(Joge 10,3) die,) i, ey it e,

3u,.
d(1 u,) du, [T

Thus as «, --0. w, loge #*, -0 and hence equation (13) at u, 0 reduces to
Uy Uy (17).

The theory of Perry and Schofield (1973) shows that for a layver in which Us - U) the
junction between the half power and logarithmic law is on the wall. i.e. there is no logarithmic
law. In fact this is not possible because of the laminar sublaver immediately adjacent to the wall.
The existence of the laminar sublaver has not been included in the above analysis and thus
equation (17) is an approximation to the limiting condition. However as the sublayer is very
thin the approximation is a fairly good one. Substitution of (17) into the other solution equation
(equation (12)) gives

0-02m - Xm - Hhy QCm - By o - Dpfd no- D) f) e - 0.

and substitution of values for Li(1). Lo(b). pf (). () I from Schofield (1980) gives an equation
i m which has as its solution

i 0-23.

This limit is higher than Townsend’s value but is in accord with the present results. All layers
in which the predicted value of m was less than - 0-23 had two attached solutions and the only
layer where m, > 0-23 had only one attached solution (see table 1),

Bradshaw (1966) disputed Townsend’s result that two equilibrium layers were possible for
a given set of conditions. Bradshaw attributed the result to Townsend’s assumption of a smooth
junction between the two (approximate) expressions for the mean velocity in the inner and outer
regions. Bradshaw stated that although both solutions were good approximations far from the
join the assumption of a smooth join is unlikely to be accurate for layers with large velocity
defects. The present analysis makes the same assumption that was made by Townsend. However
in this case there is good evidence. in Perry and Schofield (1973). that the two expressions for
the mean velocity used here do join tangentially with little to no blending region. This work
does not therefore support the argument of Bradshaw (1966} nor the conclusion of Mellor and
Gibson (1966) of a single series of equilibrium layers terminating at m 0-23 (sce Schofield
(1980) for details). It seems likely that the approximate analysis of Mellor and Gibson only
yields the low wall shear or type 2 solution which does not exist form > 0-23.

The layers predicted by the present analysis are plotted on m, Uy U, co-ordinates in
Figure 7. All predicted Liyers are within the limits for equilibrium lavers delincated by Schofield
(1980) and are close to the positions of the measured layers. Also plotted on the figure are the
alternative second solutions given by the method. These second solutions are well removed

6
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from the position of the measured layers but are still within the limits for equilibrium layers.
The one exception to this is the second solution for layer IX which falls well outside the limits
for equilibrium layers with U1/Us, 5 for my, 0-231. Such a layer with a velocity ratio
of 5 would have an extremely small velocity defect and have a very high wall shear which are
characteristics of layers in strong favourable pressure gradients. Such a layer would not be
described by the Schofield and Perry (1972) defect law and this is confirmed by the position
of the solution on m, U,/U, co-ordinates which puts it well outside the region where the Schofield
and Perry defect law is valid. This second solution is thus outside one of the assumptions of
the analysis and therefore cannot be regarded as a legitimate equilibrium layer predicted by
the analysis.

Finally we can show how some calculations of Head (1976) can be explained in terms of
the present analysis. Head's calculations for three different equilibrium layers suggested that;

(i) for m =. —0-35 no equilibrium layer was possible,

(i) for m .- —-0-15 only one equilibrium layer was possible irrespective of the initial
conditions,

(iii) for m - --0-235 a range of equilibrium layers is possible. The particular equilibrium

layer that develops depends on the initial conditions of the layer. In particular as
the initial value of U, #'v is increased the equilibrium layer generated approaches
separation and eventually separates.

The first conclusion is in agreement with the limits shown in Figures 1 and 7 and has been
previously discussed in Schofield (1980).

The second conclusion was in fact only strongly suggested by Head's calculations. The
calculations consisted of a series of predictions for luyer development in a set pressure gradient
(m = —0-15) and for a given initial boundary layer shape (M - constant) but with differing
initial thicknesses (67). The calculations showed the several boundary layer developments
apparently converging on a single cquilibrium layer. However the calculations were not con-
tinued far enough to prove the point. The present theory has shown that for m = -0-15 only
one (attached) solution for any given initial boundary layer shape (Ui'U;) can be expected.
But Head investigated changes in the other initial condition, the initial layer thickness (Bi).
Changes in By cause, through the initial matching procedure, changes in m, ¢, and x¢ which
entail changes in layer thickness at all downstream stations. The effect is to magnify the parabola,
equation [2 on Figure 2, but to fower the position of the (nearly) straight line, equation 13 on
Figure 2. The two effects are to a certain extent sclf-cancelling but do result in a lower solution
position and thus slightly lower values of v, and U, for the equilibrium layer. Thus this conclusion
of Head appears to be correct to a first approximation only.

Head's third conclusion is that for flows with m — - 0-255 a wide range of equilibrium
layers exist depending on the initial thickness. An additional conclusion is that for large initial
thicknesses the layer will separate before equilibrium conditions are established. As m = —0-255
is below the limit of -- 0-23 two solutions for each set of initial and boundary conditions would
be expected. Apparently Head's calculation method gives only one of these solutions. As
discussed above, the solutions will change as By is increased and the trend will be for the wall
shear stress to approach zero. Head's calculations predicted separated flow for layer V if the
initial layer thickness was twice the actual value. However calculations varying By for layer V
using the present method did not predict separation even for initial layer thicknesses one
hundred times the measured value. Although the predicted wall shear stress was reduced it did
not become negative. This is to be expected as the analysis earlier in this section shows that
provided the boundary conditions do not change and m < -0-23 then, irrespective of the
initial conditions. there are two solutions with positive u,.

5. CONCLUSIONS

1. A simple prediction method for turbulent boundary layers in moderate to strong adverse
pressure gradient can be based on the Schofield and Perry defect law. For equilibrium layers
in adverse pressure gradient the prediction method gives:

7
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(a) accurate predictions for mean velocity profile shape and total layer thickness,

(b) accurate predictions of momentum thickness, wall shear, velocity scale ratio and form
factor,

(c) reasonably accurate predictions for the shearing stress profile across the layer.

2. For a given set of boundary conditions two types of layers can develop; a layer with a
moderate mean velocity defect and a large wall shear or a layer with a large mean velocity
defect and a small wall shear. Which type of layer develops in practice depends on the velocity
ratio of the initial profile.

3. For flows in which the free stream velocity exponent (m) is greater than about --0-23 only
the layer with a moderate mean velocity defect can develop. In this case the solution for the
layer with large mean velocity defect has a negative wall shear which is outside the bounding
assumptions of the analysis and thus is not a legitimate prediction.

4. For a given initial velocity ratio and a given set of boundary .conditions, increasing
the initial layer thickness decreases the wall shear stress of a layer generated by the flow con-
ditions. However calculations suggest that for realistic increases of initial layer thickness the
predicted wall shear stress shows little change.

]
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TABLE 1

Layer I: Ludwieg and Tilimann (1949)

Type 2 Solution

x B, B, Upg U1 U2
(m) (m) (m) (m/s) (m/s) (m/s)

3-332 0-1112 —_ 0-7283 — —
3-532 0-1208 0-1222 0-6873 0-6554 0:6554
3-732 0-1304 0-1333 0:6754 0-6824 0-6040
3-932 0-1448 0- 1444 0-6225 0-6797 0-5754
4-132 0-1625 0-1554 0-5924 0-6730 05520
4-332 0-1772 0-1664 0-5587 0-6625 0:5310
x (m) (a/b)a (a/bh @b) | ¢pyx103 | ¢ x10% | ¢y x 103
3-332 1-818 — — 1-60 — —
3-532 1-724 1-619 1-619 1-53 1-39 1-39
3.732 1-667 1-757 1-520 1-52 1-55 1-22
3-932 1-613 1-815 1-487 1-34 160 1-15
4-132 1-587 1-859 1466 1-26 1-63 1-09
4-332 1-515 1-893 1-451 1-17 1-65 1-06

mg = —0-259.87 ca = 0-067.2 Xog = 1:732m

my = —0-254.63 ¢p = 0-055,2 Xop = 1-319m

X 8a* 5* 8a* 0q 6, 0,

(m) (m) (m) (m) (m) (m) (m)

3-332 0-02138 | 0-02173 | 0-02173 | 0-01432 | 0-01467 | 0-01467
3-532 0-02450 | 0-02652 | 0-02652 | 0-01614! 0-01710 | 0-01710
3-732 0-02735 ] 0-02670 | 0-03078 | 0-01773 | 0-01790 | 0-01918
3-932 0-03139 | 0-02803 | 0-03405) 0-02005| 0-01905 | 0-02095
4-132 0-03580 ] 0-02949 | 0-03718 | 0-02246 | 0-02023 | 0-02268
4-332 0-04089 | 0-03104 | 0-04023 | 0-02528 | 0-02145 | 0-02439

x Ha Hy H;
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TABLE 1
Layer II. Clauser (1954) Flow 1
Type | Solution

X B, Bp U,a U, U2
(m) (m) (m) (m/s) (m/s) (m/s)
2-1092 | 0-0679 0-3210 — -

3-3528 0-1056 | 0-1222 0-2901 0-2885 | 0-1129

3-8862 0-1243 0-1455 0-2752 0-2180 | 0-1031

5-6632 0-1792 | 0-2232 0-2386 | 0-2499 | 0-0826

7-2634 | 0-2418 0-2931 0-2128 0-2333 0-0721

82052 | 0-2683 0-3342 0-2074 | 0-2220 | 0-0668

9-0678 0-2963 0-3719 0-1954 { 0-2147 | 0-0632
9-8298 0-3220 | 0-4052 01917 | 0-2085 | 0-0603 !
}
x (m) (a/b)a (ajbn (ajb): cra w108 | ¢ x 108 | cp3x 103 !
2-1092 | 1-786 2-10 — — i
3-3528 1-695 1-857 1-062 2-14 2-12 0-32 :
3-8862 1-724 1:917 1-058 2-08 2-12 0-29 1
56632 1-852 2:059 1-050 1-93 212 0-23 ;
7-2634 1961 2:151 1-046 1-75 2-10 0-20 ‘
8-2052 1-887 2-189 1-045 1-83 210 0-19 ‘
9.0678 2-000 2:222 1-043 1-73 2-09 0-18
9-8298 1-96} 2.248 1-043 1-76 2-08 0-17 i
]

mg = —0-223,71 g = 0-033,25 Xoq = 0-136 m
my = —0-233.76 cp = 004369 Xop - 0:555m

X 8.* &* 8% g & 8, ‘
(m) (m) (m) (m) (m) (m) (m) !

2-1092 0-01378 [ 0-01372 | 0-01372 | 0-00871 ( 0-009011] 0-00901 }
3-3528 0-02216 [ 0-02336 [ 0-04066 [ 0-01443 | 0-01589 | 0-01852 l
3-8862 0-02520 | 0-02699 | 0-04857 | 0-01641 | 0-01858 | 0-02205
5-6632 0-03384 [ 0-03874 | 0-07494 [ 0-02286 | 0-02733 | 0-03381
7-2634 0-04311 | 0-04892 | 0-09871 | 0-02985 | 0-03497 | 0-04441|
8-2052 0-05066 | 0-05495 | 0-11268 | 0-03467 | 0-03947 | 005065
9-0678 0-05388 | 0-06033 [ 0-12550 | 0-03734 [ 0-04351 [ 0-05636
9-8298 0-05968 | 0-06507 | 0-13682 | 0-04130 | 0-04707 [ 0-0614

X Ha Ill H'Z




TABLE 1

Layer 1I1: Clauser (1954) Flow 2

Type 2 Solution

X Ba Bp g (/9] Uy2

(m) {m) (m) (m's) {m/s) (m/s)
2-286 0-1041 — 0-2028 — —
2-743 0-1341 0-1314 0-1852 0-2481 0-1788
3-353 0-1571 0-1678 0-1718 0-2374 0-1585
3-862 0-1910 0-1982 0-1557 0-2310 0-1473
4-929 0-2800 0-2619 0-1455 0-2159 0-1294
5-843 0-3459 0-3165 0-1340 0-2045 0-1183
7-291 0-4712 0-4030 0-1256 0-1906 0-1058
8-129 0-5700 0-4530 0-1137 0-1822 0-0995
x (m) (a/b)a (a/bh (alb): Crax 103 | ¢ <108 | ¢p,x 103
2-286 1-351 — — 1-30 — —
2-743 1-282 1-853 1:307 1-20 2-15 1-12
3-353 1-299 1-972 1-276 1-15 2-20 0-98
3-862 1-299 2-051 1-260 1-04 2-21 0-90
4-929 1-333 2-169 1-241 1-05 2-21 0-80
5-843 1-333 2-244 1-231 1-05 2-21 0-74
7-291 1-333 2-338 1-220 0-95 2-19 0-68
8-129 1-333 2-377 1-216 0-85 2-18 0-65

my = —0-252,66 ca = 0-033,25 Xoa = 1242 m
my = —0-247,29 ¢p = 0-059,72 Xop = 0-543 m

x 8a* &y 8s* 0 0, o,

(m) (m) (m) (m) (m) (m) (m)
2-286 0-02767 | 0-02703 | 0-02703 | 0-01547 | 0-01557 | 0-01557
2-743 0-03530 | 0-02518 1 0-03526 | 0-01920 | 0-01709 | 0-01984
3-353 0-04339 | 0-03037 [ 0-04609 | 0-02413 | 0-02108 | 0-02548
3-862 0-05143 | 0-03461 0-05513 | 0-02868 | 0-02433 | 0-03018
4-929 0-07247 | 0-04353 | 0-07400 { 0-04128 { 0-03110{ 0-04000
5-843 0-09195 1 0-05110 | 0-:09017 | 0-05207 | 0-03680 | 0-04840
7-291 0-1236 0-06285 [ 0-11584 | 0-07036 | 0-04573 | 0-06169
8129 0-15148 | 0-06969 | 0:13068 | 0-08618 | 0-05089 | 0:06939

X }la H H;

(m)
2-286 1-788 1-736 1-736
2-743 1-838 1-473 1-777
3-353 1-798 1-441 1-808
3-862 1-794 1:422 1-827
4-929 1-755 1-399 1-850
5-843 1-766 1-387 1:863
7-291 1-757 1-374 1-878
8129 1-758 1-369 1883

i




TABLE 1
Layer IV: Bradshaw (1966) ‘‘a = —0-15™
Type 1 Solution

X Ba B;; Usa Uyl 2
(m) (m) (m) (m/s) (m/s) (m/s)
0-6096 0-02702 — 1-4628 — —
1-2192 0-04681 | 0-044) 1-278) 1-30151 <0
1-6764 0-:06072 | 0-05691 1-1992 1-2338 <0
2-1336 0-07470 | 0-0697 1-1120 1-1815 <0
x (m) (a/b)a (a/bh crax 103 | ¢y x10% | ¢y x 103
0-6096 2-000 — .24 — _
1-2192 2-0833 2-145 2-11 2-18 <0
1-6764 2-0833 2-224 2-03 2-15 <0
2-1336 2-0833 2-288 1-88 12 <0
mg = —0-212,89 ca = 0-031,254 Xxgq = —0-°264 m
my = —0-197,47 cp = 0-028,021 xop = —0-355m
X 8¢‘ 81* 0a 61 Ha Hl
(m) (m) (m) (m) (m)
0-6096 | 0-004724 | 0-004826 | 0:003327 | 0-003365 | 1-426 1-434
1-2192 | 0-007856 | 0-007396 | 0-005664 | 0-005272 § 1-387 1-403
1.6764 | 0-010191 | 0:009241 | 0-007315 { 0-006656 | 1-391 1-388
2-1336 | 0-012537 | 0-011043 | 0-008966 | 0-008013 | 1-399 1-378

—— e e ——— .




TABLE 1

Layer V: Bradshaw and Ferriss (1965) ‘‘a = —0-255>
Type 2 Solution

X B, By Usa us Uyp2
(m) (m) {m) (m/s) (m/s) (m/s)
0-5843 0-0349 — 1-1204 — -~
1-1940 0-0750 0-0714 0-8904 1-1115 0-7157
1-6510 0-0979 0-0988 0-7993 1-0226 06206
2-108 0-1275 0-1262 0-7430 0-9551 0-5576
x (m) (a/b)a (a/b) (a/b)2 cra’ % 102 ' X 102 cr2' < 103
0-5843 1-4706 — — 1-45 — -
1-1940 1:5625 2-177 1:30 1:32 2-06 0-85
1-6510 1-6129 2-310 1:28 1-25 2-05 0-75
2-108 1-6129 2-406 b-27 1-23 2-03 0-70
mg = —0+256,25 ca = 0-0599 X0a = —0-015m
mp = —0-250,67 cp = 0-0598,80 xop = 0-0013m
X 8a* 6* &* bq (e 0,
(m) (m) (m) {m) {m) (m) (m)
0-5843 0-00830 ! 0-00830 | 0-.00830 | 0-00504 | 0-005087 | 0-005087
1-1940 | 0-01678 1 0-1178 0-01930 | 0-01054 | 0-008457 | 0-010804
1-6510 0-02122 | 0-01549 | 0-02713 | 0-01361 | 0-011283 | 0-015003
2-108 0:02766 | 0-01912 | ©0:03499 | 0-01763 | 0-014049 | 0-019197
X Ha Hl H2
(m)
0-5843 1-654 1-632 1-632
1-1940 1-591 1-393 1.786
1-6510 1-558 1-373 1-809
2-108 1-568 1-361 1-822

e e g—— - B
A




TABLE 1

Layer V1: Bradshaw (1967) ‘‘Flow C”’

Type 1 Solution

X B, Bp Uyra Url Uy
(m) (m) (m) (m/s) (m/s) (m/s)
1-0668 0-04593 — 1-0323 — —
1-2192 0-05118 0-05279 0-9795 0-9886 0-5767
1-5240 0-06554 0-06651 0-8905 0-9427 0-5143
1-8288 0-07485 0-08022 0-8162 0-9031 0-4696
2-1336 0-08715 0-09394 0-7681 0-8682 0-4352
x (m) (a/b)a (a/b), (a/b): cra’ X103 | ¢’ X103 | ¢’ x 103
1-0668 1-9231 — — 1-87 — —
; 1-2192 1-8868 1-795 1-180 1-83 0-62
' 1-24 1-7857 1-878 1-166 1-86 0-55
: 1-8288 1-7241 1-944 1-158 1-87 0-51
2-1336 1-7241 1-998 1-151 1-88 0-47
mg = —0-239,261 ca = 0-038,65 Xxoa = —0-126 m
mp = —0-248,11 cp = 0-045,00 Xop = +0-046 m
X Sa* o * 8% (2 6, 6:
(m) (m) (m) (m) (m) (m) (m)
1-0668 0-00835 0-00865 0-00865 0-00577 0-00588 0-00588
1-2192 0-00948 0-01038 0-01568 0-00650 0-00700 0-00811
1-5240 0-01237 0-01253 0-01998 0-00828 0-00860 0-01023
1-8288 0-01518 0-01463 0:02429 0-00998 0-01017 0-01234
2-1336 0-01767 0-01670 0-02860 0-011557] 0-01172 0-01445
X Ha Hl H2
(m)
1-0668 1-449 1-472 1-472
1-2192 1-460 1-484 1-933
1-5240 1-495 1-457 1-954
1-8288 1-521 1-438 1-969
2-1336 1-530 1-425 1:980

e e ag——




TABLE 1
Layer VII: Stratford (1959) ‘‘Flow 5
Type 2 Solution

X Ba Bp U,q Uy U2
(m) (m) (m) (m/s) (m/s) (m/s)
0-926 0-01792 — 0-4048 — —
1-076 0-03205 | 0-02788 0-3276 0-5211 0-2863
1-251 0-04121 | 0-03992 0-3449 0-4933 0-2456
1-622 0-05976 | 0-06559 0-2945 0-4286 0-1931
1-901 0-08236 | 0-08484 0-2555 0-3907 0-1689
x (m) (a/b)a (ajbn (a/b)s | cra’ X103 | ¢n’ X108 | ¢p2’ x 103
0-926 1:220 — — 1-42 — —
1-076 1-205 2-094 1-151 1-19 2-37 0-91
1-251 1-316 2284 1-132 1-45 2-51 0-74
1-622 1-333 2-507 1-116 1-36 2-56 0-58
1-901 1-299 2:610 1-110 1-21 2-55 0-53
my = —0-243,13 cq = 0-062,88 X0z = 0:616 m
my = —0-239,51 cp = 0-069,10 Xop = 0673 m
X Sa* 81* 82* 9,1 01 92
(m) (m) (m) (m) (m) (m) (m)
0-926 0-00501 | 0-00503 | 0-00503 | 0-00300 | 0-002668 | 0-002668
1-076 0-00930 | 0-00490 | 0-00858 | 0-00490 | 0-003380 | 0-004247
125t 0-01095 | 0-00655 | 0-01246 [ 0-00610 | 0-004625 | 0-006098
1-622 0-01567 | 0-01007 | 0-02069 | 0-00884 | 0-007248 | 0-010040
1-901 0-02246 | 0-01267 | 0-02688 | 0-01232 | 0-009190 | 0-01300
X H, H H>
(m)
0-926 1:671 ]-887 1-887
1-076 1-895 1-451 2-021
1-251 1-795 1-417 2-042
1-622 1-771 1-389 2061
1-901 1-822 1-379 2068
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TABLE 1
Layer VIII: Samuel (1973)
Type 1 Solution

X B, B, Usa 7 Uy )
(m) (m) (m) (m/s) (m/s) (m/s) .
2-9 0-1022 — 0-6721 — —

3-38 0-1217 0-1270 0-6050 0-6415 0-4119
x(m) (u/ba (a/b) (a/by: | cra’x103 | cn'x 103 | ¢’ % 103
29 1-92 — — 1-85 — —
3-38 1-82 1-986 1-27 1-66 1-866 0-77
=
mq = ~0-239,59 ca = 0-040,63 Xoa = 03843 m '
my = —0-248,11 cp = 0-051,63 Xop = 0-9208m

X Ba* &* 5-3_* Ha 0, [

(m) (m) {m) (m) (m) (m) (m)
29 — 0-01890 | 0-01890 — 0-01306 | 0-01306
3.38 — 0-02270 { 0-01931 — 0-01590 | 0-01931

x H, H, H>
(m) |
2.9 — 1-447 1-447
3-38 — 1-4273 1-818




TABLE 1
Layer IX: Stratford (1959) “‘Flow 6

Type 1 Solution

x B, B, Usa Uz Ur2
(m) (m) (m) (m/s) (m/s) (m/s)
0-926 0-01686 — 0-3337 — —
1-0763 0-03493 [ 0-03404 0-2134 0-5526 0-1685
1:2506 0-05002 | 0-05395 0-1932 0:4921 0-1379
1:6221 0-09277 | 0-0964) 0-1308 04065 0-1039
1:9007 0-1199 0-12825 0-1165 0-3672 0-0901
x (m) (a/b)a (a/bh (a/b): cra’ X103 | ¢’ x 103 | ¢’ x 103
0-926 1-0640 — — 0-99 — —
1-0763 0-9804 4-318 1-032 0-55 3-614 0-34
1:2506 0-9709 4-645 1-029 0-53 3-374 0-27
1-6221 0-9091 5-015 1-026 0-33 3-128 0-20
1-9007 0-8772 5-188 1-025 0-31 3-020 0-18
mg = —0-219,426 ca = 0:105.921 x0a = 0:761,3 m
mp = —0-231,16 cp = 0-114,277 Xop = 0-778.4m
x 8a* &* 82* fa & 0,
(m) (m) (m) (m) (m) (m) (m)

0-926 0-00554 1 0-00554 | 0-00554 | 0-00307 | 0-00260 | 0:00260
1-0763 0-01258 | 0-005896| 0-01227 § 0-00538 | 0-00433 | 0-00484
1-2506 0-01819 [ 0-009221| 0-01910 | 0-00777 | 0-00677 | 0-00781
1-6221 0-03602 | 0-016179| 0-03371 | 0:01400 | 0-01177 | 0-01418
1-9007 0:04826 | 0-021315| 0-04467 | 0-01880 | 0-01540 | 0-01896

X Hq H, H»
0-926 1-800 2-1282 2-1282
1-0763 2-333 1-3605 2-538
1-2506 2-340 1-3627 2-445
1-6221 2572 1-3751 2-378
1-9007 2-566 1-3843 2-356
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FIG. 3a. PREDICTED AND ACTUAL VALUES OF THE FREE STREAM VELOCITY
EXPONENT (m).
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FIG. 3b. PREDICTED AND ACTUAL VALUES OF BOUNDARY LAYER GROWTH RATE (c).
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FIG. 3c. PREDICTED AND ACTUAL VALUES OF EFFECTIVE ORIGIN OF THE LAYERS.
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